We construct a multiple Stratonovich-type integral with respect to the fractional Brownian motion with Hurst parameter Ho sense. We also define the suitable traces to obtain the Hu-Meyer formula that gives the Stratonovich integral as a sum of Itoˆintegrals of these traces. Our approach is intrinsic in the sense that we do not make use of the integral representation of the fractional Brownian motion in terms of the ordinary Brownian motion. r
Introduction
The aim of this work is to construct a multiple integral of Stratonovich type with respect to the fractional Brownian motion with Hurst parameter Ho The notion of multiple integral (with respect to the Brownian motion) was introduced first by Wiener [20] who called it polynomial chaos. Later, Itoˆ [12] modified the definition of Wiener and constructed a multiple integral that possesses the property of orthogonality of different order integrals and allows to obtain the chaos decomposition of any square integrable functional of the Wiener process. functions related with the measure induced by the covariance function (see [14] ). Observe that the fractional Brownian motion with Hurst parameter Ho 1 2 cannot be included in this setting.
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The case of the fractional Brownian motion with arbitrary Hurst parameter was considered by Perez-Abreu and Tudor [17] . They use the fact that the fractional Brownian motion of Hurst index H can be written as B H t ¼ R t 0 K H ðt; sÞ dW s where W is a standard Brownian motion and K H is a deterministic Volterra-type kernel. Then, they define both Itoˆand Stratonovich (in the sense of Johnson and Kallianpur [13] ) multiple integrals with respect to B H by tensorizing this identity. These integrals are constructed as the corresponding multiple integrals with respect to the ordinary Brownian motion of some operator acting on the integrand function. In this way, they obtain easily some properties of the multiple integrals, in particular the Hu-Meyer formula, by transferring the same properties known when the integrator is the Wiener process. Nevertheless, the hypotheses of some of their results involve the transferring operator and are difficult to verify.
Our aim here is to present a more explicit construction of the Stratonovich multiple integral, without using the integral representation of the fractional Brownian motion in terms of the Wiener process. We define the integral of Stratonovich type as an integral in the Sole´-Utzet sense. Here, we point out that we have imposed some uniformity on the length of the intervals of the partitions, stated as condition (P) (see Section 2, before Lemma 2.3). This condition is used in our treatment of the hyper-singular integrals that appear along the paper.
In the paper of Hu [8] a Stratonovich integral with respect to the fractional Brownian motion with arbitrary Hurst parameter is also defined without use of the integral representation of this process in terms of the Wiener process. Unlike our construction, in that paper, the Stratonovich integral is defined as the sum of Itoˆintegrals of some traces inspired by those of Johnson and Kallianpur [13] .
The paper is organized as follows. In Section 2, we give the notations and known results on the first order integral and prove that it can be given as a limit of certain Riemann sums, with sequences of partitions satisfying condition (P). The third section is devoted to adopt the results of Huang and Cambanis [11] on the multiple Itoˆintegral to our situation. Section 4 deals with the construction of the multiple Stratonovich integral, the definition of the traces and the proof of Hu-Meyer formula. Finally, as an example, we adopt these results for a function of class C b , with b41 À 2H, in the case of the double integral. 
The integral of order 1

Let
We will introduce the integral of first order of a deterministic function with respect to B H . Consider the set S of all step functions on ½0; T of the form
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where ½a j ; b j Þ & ½0; T and f j 2 R. Clearly, S is a vectorial space. For a function of the above type, define its integral with respect to B H in the natural way as follows:
It is easily verified that this is a good definition, in the sense that it does not depend on the particular representation of the simple function f, and that I 1 is linear. Moreover, for all f 2 S we have that EðI 1 ðf ÞÞ ¼ 0.
If we introduce in S the scalar product
(it is positive defined because the covariance R H is positive defined), we can extend the integral in a standard way to the space, that we denote by L H T , given by the completion of S with respect to the scalar product C. The space L H T is completely known and is characterized by means of fractional derivatives (see, for instance, [6, 2, 18] ). Nevertheless, we will use another simpler characterization of L H T more suitable in order to raise multiple integration.
This characterization is based on the following expression of the covariance of two integrals of simple functions.
Proof. By bilinearity, it suffices to check (1) for f ¼ 1 ½0;sÞ and g ¼ 1 ½0;tÞ . We must see that in this case the right-hand side of (1) equals to R H ðs; tÞ. Suppose, for instance, that 0osptpT. Then
Hð1 À 2HÞ
On the other hand,
1 ½0;sÞ ðxÞ1 ½0;tÞ ðxÞ 1
It can be seen in Jolis [15] that formula (1) can be derived from the cross second order derivative in the distributional sense of R H ðs; tÞ.
We can also obtain easily the following expression for Cðf ; gÞ, with f ; g 2 S:
with f ðxÞ ¼ f ðxÞ if x 2 ½0; T; 0 otherwise:
From (1) and (2) .
To prove this claim we need some notations and results. Along the paper we will make use of sequences of partitions, denoted by P ¼ ðp m Þ m . These sequences will be (finite) partitions of the interval ½0; T or (infinite) partitions of R. We will assume that all these sequences satisfy the following condition:
Here, and from now on, given a partition p, we denote by D i a generic interval ðt i ; t iþ1 of the partition and by jD i j its length. Condition (P) is related with our treatment of the hyper-singularity of the integrals that will appear. Concretely, it is used to prove the following technical lemma.
Lemma 2.3. Let P ¼ ðp m Þ m be a sequence of partitions of R satisfying condition (P). Then, there exists a constant C (depending only on C P and on H) such that for any i; j 2 N with iaj and any ðu;
Proof. By commodity of notation, along the proof, we will suppress the superscripts m. Suppose, for instance, that ioj. We consider two possible situations. First, assume that i þ 1oj, in this case
Þ, we can bound the last expression by
Suppose now that j ¼ i þ 1. Therefore, we can proceed as follows:
where condition (P) on the partitions is used in the last step. Using again condition (P), we have that
or equivalently that
By substituting this inequality in (3) we obtain Z Z
for any ðu; vÞ 2 D i Â D j . This inequality finishes the proof. & Remark 2.4. Actually, it is necessary to impose some condition on the partitions in order to obtain the conclusion of the above lemma. We can see this fact by considering, for a fixed D i , the functions Given a locally integrable function f : I ! R (where I is a finite interval or I ¼ R), and a partition p of I we define
We can now prove a result of approximation of the Wiener integral by Riemann sums and the characterization of L H T that we will use in the sequel. We introduce for f : ½0; TÀ!R measurable, the following (possibly infinite) quantity: 
As a consequence,
Proof. We must see that V :¼ff 2 L 2 ð½0; TÞ : kf k H o1g with the scalar product C is a Hilbert space and that S is dense therein. The proof of completeness is standard and then omitted. Thus, in order to finish the proof we will only check (4) .
Recall .
Since for any f 2 V we havef 2 W 1=2ÀH;2 ðRÞ, there exists ff n g n2N , sequence of C 1 -functions with support contained in ½a; b ¼ ½À1; T þ 1, such that kf n À f k Ã converges to 0 when n tends to 1.
It can be seen that, for any f 2 C 1 with compact support, the sequence f p m converges in the seminorm k Á k Ã to f.
Next, we will see that for f 2 W 1=2ÀH;2 ðRÞ and a sequence P of partitions of R satisfying condition (P) there exists a constant C, only depending on C P and on H, such that
We can extend the sequence of partitions ðp m Þ m to another sequence of partitions of R containing the points a and b (that we continue denoting by ðp m Þ m ), satisfying also condition (P) with the same constant C P and with jp m j tending to zero when m tends to 1. We have that
By Lemma 2.3, there exists a constant C (depending on C P and on H) such that for any ðu; vÞ 2 D i Â D j we have that
and then, we can majorize (7) by
and inequality (6) is proved. Finally, given f 2 V and d40, we take g of class C 1 with compact support contained in ½À1; T þ 1 such that kf À gk Ã pd. Given this g, we can take m 0 2 N such that for any mXm 0 it holds that kg À g p m k Ã pd. Then, by using (6), we obtain for mXm 0 ,
The multiple Itoˆ-type integral
From Huang and Cambanis [11] , the multiple Itoˆ-type integral of order n with respect to B H , denoted by I n , is defined on the tensor product space ðL H T Þ n , that is the completion of the set of functions that are linear combinations of functions of the form f 1 Á Á Á f n (with f i 2 L H T ; i ¼ 1 . . . ; n) with respect to the inner product given by
Next, we state in the following theorem the main properties of the Itoˆ-type multiple integral (see [11] ). 
In this last assertion we are denoting by H n the nth normalized Hermite polynomial. Recall that this polynomial is defined as H n ðxÞ ¼ ðÀ1Þ
and H 0 ðxÞ ¼ 1.
As in the one-dimensional case define f ðy 1 ; . . . ; y n Þ ¼ f ðy 1 ; . . . ; y n Þ if ðy 1 ; . . . ; y n Þ 2 ½0; T n ; 0 otherwise:
Observe that using the compact form of C given by (2), for f and g tensor products of elements of L H T , we have that ( and we denote by jIj the cardinal of the set I. By linearity the expression found for C n ðf ; gÞ is also valid with f and g being linear combinations of tensor products.
We introduce also the notation
Given a partition p of ½0; T and a function f 2 L 1 ð½0; T n Þ, define
With these notations we can establish the following proposition. Proposition 3.2. Given f : ½0; T n À!R such that kf k H;n o1 and a sequence ðp m Þ m of partitions of ½0; T verifying condition (P) and with norm jp m j tending to zero, we have that
Moreover, ðL H T Þ n coincides with the space ff : ½0; T n À!R : kf k H;n o1g, endowed with the inner product
Proof. To prove that ðL H T Þ n ¼ ff : ½0; T n À!R : kf k H;n o1g, we can see the completeness of the space ff : ½0; T n À!R : kf k H;n o1g and that the simple functions are dense therein. The
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completeness follows in an easy way, taking into account that kf k 2 H;n contains the summand
To conclude, it suffices to show that for a function f such that kf k H;n o1 and a sequence ðp m Þ m of partitions of ½0; T verifying condition (P), we have that kf On the other hand, we have that Z 
by using that the symmetrization of each factor of the numerator of expression (10) gives the different factors of the numerator of expression (9) . Finally, developing the product of the last expression and using the symmetry between each pair of variables ðt 2iÀ1 ; t 2i Þ we obtain that (11) converges to zero when m tends to 1. Let W :¼fðx; yÞ 2 ½0; T 2 : jx À yjog be the set on which f is Ho¨lder continuous and consider also the set V :¼fðx; yÞ 2 ½0; T 2 : jx À yjo 2 g. We will study first the integral appearing in (11) 
